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Motivation

Complex, time-dependent problems

REDUCED ORDER MODEL (ROM) 

 o Perturbation problems (stability, trends, control, etc.)!

 o Response problems (behavior, performance, etc.)!

 - linearized                                                                                                                 !

 - nonlinear                                                                            !

!   Complex, time-dependent problems!

Real-time analyses

Model Predictive Control

Many-query analyses

Optimization
Uncertainty Quantification

Zahr, Washabaugh, Farhat
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High-Dimensional Model

Consider the sequence of nonlinear system of equations, usually
arising from the discretization of PDE,

R(n)(w(n), tn,µ) = 0

where

w ∈ RN state vector

µ ∈ Rd parameter vector

R(n) : RN × R× Rd → RN governing equations

This is the High-Dimensional Model (HDM).

Zahr, Washabaugh, Farhat
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Model Order Reduction with Local Bases

The goal of reducing the computational cost and resources
required to solve a large-scale system of ODEs is attempted
through dimensionality reduction

Specifically, the (discrete) trajectory of the solution in state
space is assumed to lie in a low-dimensional affine subspace

w(n) ≈ w(n−1) + Φ(w(n−1))y(n)

Φ(w(n−1)) ∈ RN×kw(w(n−1)) Reduced Basis

y(n) ∈ Rkw(w(n−1)) Reduced Coordinates

where kw(w(n−1))� N [Amsallem, Zahr, Farhat 2012]

Ψ(w(n−1))TR(n)(w(n−1) + Φ(w(n−1))y(n)) = 0

Zahr, Washabaugh, Farhat
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Contrived Example

The details of the local ROM framework will be exampled in
the context of a contrived example:

d

dt

[
x(t)
y(t)

]
=

[
1

x(t)2+y(t)2

− sinx(t)
x(t)2+y(t)2

]
[
x(0)
y(0)

]
=

[
−1
0

]
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Data Collection

HDM sampling (snapshot collection)
Simulate HDM at one or more parameter configurations
{µ1, . . . ,µn} and collect snapshots w(j)

Combine in snapshot matrix W

Figure : Contrived Example: HDM

−1 −0.5 0 0.5 1 1.5
−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

0.5

x

y

Student Version of MATLAB

Zahr, Washabaugh, Farhat



Motivation and Background
Local Reduced-Order Models
Fast, Reduced Basis Updates

Application: 3D Turbulent Flow
Conclusion

Data Organization

Snapshot clustering
Cluster snapshots using the k-means algorithm based on
their relative distance in state space
Store the center of each cluster, wi

c

W partitioned into cluster snapshot matrices W

Figure : Contrived Example: Snapshot Clustering
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Data Compression

Modify snapshot matrices Wi by subtracting a reference
vector, w̄ from each column Ŵi = Wi − w̄eT

usually the mean or initial condition

Apply POD method to each cluster: Φi = POD(Ŵi)

Figure : Contrived Example: Basis Construction
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Online Phase: Basis 1

Select basis whose corresponding center wi
c is closest to the

solution at the previous step w
(n−1)
r
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Online Phase: Basis 2

Select basis whose corresponding center wi
c is closest to the

solution at the previous step w
(n−1)
r
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Online Phase: Basis 2??

Select basis whose corresponding center wi
c is closest to the

solution at the previous step w
(n−1)
r
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Inconsistency

Recall the MOR assumption:

w(n) −w(n−1)
r ≈ Φiy(n)

w(n) −w(switch)≈ Φi
n∑

k=switch

y(k)

where w(switch) is the most recent state to initiate a switch
between bases [Washabaugh et. al. 2012, Zahr et. al. 2014].

Recall the reduced bases are constructed as

Φi = POD
(
Wi − w̄eT

)
Basis construction consistent with MOR assumption only if
w̄ = w(switch)

Zahr, Washabaugh, Farhat
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Solution: Fast Basis Updating

We seek a reduced basis of the form:

Φ̂i = POD(Wi −w(switch)eT )

= POD(Wi − w̄eT + (w̄ −w(switch))eT )

= POD(Ŵi + (w̄ −w(switch))eT )

Zahr, Washabaugh, Farhat
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Solution: Fast Basis Updating

We seek a reduced basis of the form:
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Solution: Fast Basis Updating

We seek a reduced basis of the form:

Φ̂i = POD(Wi −w(switch)eT )

= POD(Wi − w̄eT + (w̄ −w(switch))eT )

= POD(Ŵi + (w̄ −w(switch))eT )

Φ̂ is the (truncated) left singular vectors of a matrix that is
a rank-one update of a matrix, Ŵi, whose (truncated) left
singular vectors is readily available, Φi.

Fast updates available [Brand 2006].

Zahr, Washabaugh, Farhat
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Figure : Contrived Example: ROM Solution

No Basis Updating
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Figure : Contrived Example: ROM Solution

No Basis Updating

−1 −0.5 0 0.5 1 1.5
−0.4

−0.2

0

0.2

0.4

0.6

0.8

x

y

 

 

HDM

Subspace 1

Subspace 2

Subspace 3

Local ROM

Student Version of MATLAB

Basis Updating

−1 −0.5 0 0.5 1 1.5
−0.4

−0.2

0

0.2

0.4

0.6

0.8

x

y

 

 

HDM

Subspace 1

Subspace 2

Subspace 3

Local ROM

Student Version of MATLAB

Zahr, Washabaugh, Farhat



Motivation and Background
Local Reduced-Order Models
Fast, Reduced Basis Updates

Application: 3D Turbulent Flow
Conclusion

Figure : Contrived Example: ROM Solution
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Figure : Contrived Example: ROM Solution
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Figure : Contrived Example: ROM Solution
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Figure : Contrived Example: ROM Solution
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Figure : Contrived Example: ROM Solution
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Figure : Contrived Example: ROM Solution
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Figure : Contrived Example: ROM Solution
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Figure : Contrived Example: ROM Solution
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Figure : Contrived Example: ROM Solution
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Figure : Contrived Example: ROM Solution
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Numerical Example: Ahmed Body

Benchmark in
automotive industry

Mesh

2,890,434 vertices
17,017,090 tetra
17,342,604 DOF

CFD

Compressible
Navier-Stokes
DES + Wall func

Local ROM

5 local bases
Size of each ROM:
energy criterion

and LES turbulence models, as well as a wall function. It performs a second-order semi-discretization of the convective fluxes
using a method based on the Roe, HLLE, or HLLC upwind scheme. It can also perform second- and fourth-order explicit and
implicit temporal discretizations using a variety of time integrators. The GNAT implementation in AERO-F is characterized by
the sample-mesh concept described in Section 5. All linear least-squares problems and singular value decompositions are
computed in parallel using the ScaLAPACK library [50]. AERO-F is used here to demonstrate GNAT’s potential when applied
to a realistic, large-scale, nonlinear benchmark CFD problem: turbulent flow around the Ahmed body.

The Ahmed-body geometry [47] is a simplied car geometry. It can be described as a modified parallelepiped featuring
round corners at the front end and a slanted face at the rear end (see Fig. 6). Depending on the inclination of this face, dif-
ferent flow characteristics and wake structure may be observed. For a slant angle uP 30!, the flow features a large detach-
ment. For smaller slant angles, the flow reattaches on the slant. Consequently, the drag coefficient suddenly decreases when
the slant angle is increased beyond its critical value of u ¼ 30!. Due to this phenomenon, predicting the flow past the Ahmed
body for varying slant angles has become a popular benchmark in the automotive industry.

This work considers the subcritical angleu ¼ 20! and treats the drag coefficient CD ¼ D
1
2q1V2

15:6016#10$2 m2 around the body as

the output of interest. The free-stream velocity is set to V1 ¼ 60 m/s, and the Reynolds number based on a reference length
of 1.0 m is set to Re ¼ 4:29# 106. The free-stream angle of attack is set to 0!.

6.2.1. High-dimensional CFD model
The high-dimensional CFD model corresponds to an unsteady Navier–Stokes simulation using AERO-F’s DES turbulence

model and wall function. The fluid domain is discretized by a mesh with 2,890,434 nodes and 17,017,090 tetrahedra (Fig. 7).
A symmetry plane is employed to exploit the symmetry of the body about the x–z plane. Due to the turbulence model and
three-dimensional domain, the number of conservation equations per node is m ¼ 6, and therefore the dimension of the CFD
model is N ¼ 17;342;604. Roe’s scheme is employed to discretize the convective fluxes; a linear variation of the solution is
assumed within each control volume, which leads to a second-order space-accurate scheme.

Flow simulations are performed within a time interval t 2 0 s;0:1 s½ &, the second-order accurate implicit three-point
backward difference scheme is used for time integration, and the computational time-step size is fixed to Dt ¼ 8# 10$5 s.
For the chosen CFD mesh, this time-step size corresponds to a maximum CFL number of roughly 2000. The nonlinear system
of algebraic equations arising at each time step is solved by Newton’s method. Convergence is declared at the kth iteration
for the nth time step when the residual satisfies kRnðkÞk 6 0:001kRnð0Þk. All flow computations are performed in a non-dimen-
sional setting.

A steady-state simulation computes the initial condition for the unsteady simulation. This steady-state calculation is
characterized by the same parameters as above, except that it employs local time stepping with a maximum CFL number
of 50, it uses the first-order implicit backward Euler time integration scheme, and it employs only one Newton iteration
per (pseudo) time step.

All computations are performed in double-precision arithmetic on a parallel Linux cluster5 using a variable number of
cores.

6.2.2. Comparison with experiment
Ref. [47] reports an experimental drag coefficient of 0.250 around the Ahmed body for a slant angle of u ¼ 20!. Fig. 8

reports the time history of the drag coefficient computed using the high-dimensional CFD model described in the previous
section. Indeed, the time-averaged value of the computed drag coefficient obtained using the trapezoidal rule is CD ¼ 0:2524.

Fig. 6. Geometry of the Ahmed body (from Ref. [51].)

5 The cluster contains compute nodes with 16 GB of memory. Each node consists of two quad-core Intel Xeon E5345 processors running at 2.33 GHz inside a
DELL Poweredge 1950. The interconnect is Cisco DDR InfiniBand.

K. Carlberg et al. / Journal of Computational Physics 242 (2013) 623–647 637

(a) Ahmed Body: Geometry [Ahmed et al 1984]

Hence, it is within less than 1% of the reported experimental value. This asserts the quality of the constructed CFD model and
AERO-F’s computations. For reference, this high-dimensional CFD simulation consumed 13.28 h on 512 cores.

6.2.3. ROM performance metrics
The following metrics will be used to assess GNAT’s performance. The relative discrepancy in the drag coefficient, which

assesses the accuracy of a GNAT simulation, is measured as follows:

RD ¼
1
nt

Xnt

n¼1
jCn

DI " Cn
DIII

j
max

n
Cn
DI "min

n
Cn
DI

; ð31Þ

where Cn
DI denotes the drag coefficient computed at the nth time step using the high-dimensional CFD model (tier I model),

and Cn
DIII denotes the corresponding value computed using the GNAT ROM (tier III model).

The improvement in CPU performance delivered by GNAT as measured in wall time is defined as

WT ¼ T I

T III
; ð32Þ

where T I denotes the wall time consumed by a flow simulation associated with the high-dimensional CFD model, and T III

denotes the wall time consumed online by its counterpart based on a GNAT ROM. For the high-dimensional model, the
reported wall time includes the solution of the governing equations and the output of the state vector; for the GNAT
reduced-order model, it includes the execution of Algorithm 2. After the completion of Algorithms 1 and 2 is executed to

Fig. 7. CFD mesh with 2,890,434 grid points and 17,017,090 tetrahedra (partial view, u ¼ 20%). Darker areas indicate a more refined area of the mesh.

Fig. 8. Time history of the drag coefficient predicted for u ¼ 20% using DES and a CFD mesh with N ¼ 17;342;604 unknowns. Oscillatory behavior due to
vortex shedding is apparent.

638 K. Carlberg et al. / Journal of Computational Physics 242 (2013) 623–647

(b) Ahmed Body: Mesh [Carlberg et al 2011]
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Ahmed Body Simulation
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Drag History Comparison: ROM Energy = 99.5%
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Drag History Comparison: ROM Energy = 99.75%
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Drag History Comparison: ROM Energy = 99.9%
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Drag History Comparison: ROM Energy = 99.95%

0 1 2 3 4 5 6 7
Time (nondimensionalized)

0.245

0.250

0.255

0.260

0.265

0.270

D
ra

g
 (

n
o
n
d
im

e
n
si

o
n
a
liz

e
d
)

HDM
ROM (updates)
ROM (no updates)

Zahr, Washabaugh, Farhat



Motivation and Background
Local Reduced-Order Models
Fast, Reduced Basis Updates

Application: 3D Turbulent Flow
Conclusion

Drag History Comparison: ROM Energy = 99.975%
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Drag History Comparison: ROM Energy = 99.99%
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Time-Averaged Drag: Convergence History
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Standard Deviation of Drag: Convergence History
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Conclusions

Local model reduction method

attractive for problems with distinct solution regimes
model reduction assumption and data collection are
inconsistent

Local model reduction with online basis updates

addresses inconsistency of local MOR
injects “online” data into pre-computed basis

Applications

3D turbulent flows
surrogate in PDE-constrained optimization and uncertainty
quantification
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